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Abstract
The kernel K(x,y) of the pseudo-differential operator hμ,a is defined. It is shown that the kernel is a
continuous function. It is proved that the pseudo-differential operator hμ,a is pseudolocal. A global regular-
ity result for an elliptic partial differential operator is obtained. An existence theorem for the weak solution
of a pseudo-differential equation is established.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The theory of Hankel transformation of distributions developed by Zemanian [15] has been
exploited by many research workers in solving various boundary value problems. Schwartz’s the-
ory of the Fourier transform of distributions [12] has been used in the study of pseudo-differential
operators; see Hörmander [3–6] and Zaidman [14].
In this paper kernel of the pseudo-differential operator hμ,a is defined using Hankel transfor-
mation. It is shown that for m + 2p + 2μ + 2 < 0 and p  0 the kernel K(x,y) is a continuous
function. It is shown that pseudo-differential operator hμ,a is pseudolocal. It is also shown that
every pseudo-differential operator hμ,a is a smoothing operator for a ∈ H−∞(J × J ). Global
regularity result for elliptic differential operator is given. Another result based on weak solutions
of pseudo-differential equations is given.
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and Sμ are defined by
Nμ = Nμ,x = xμ+ 12
(
d
dx
)
x−μ−
1
2 , (1.1)
Mμ = Mμ,x = x−μ− 12
(
d
dx
)
xμ+
1
2 , (1.2)
Sμ = Sμ,x = MμNμ = d
2
dx2
+ (1 − 4μ2)/4x2. (1.3)
From [15, p. 139] and [7, p. 948] we have the following relations for any φ ∈ Hμ,
hμ+1(−xφ) = Nμhμφ, (1.4)
hμ+1(Nμφ) = −yhμφ, (1.5)
hμ(Sμφ) = −y2hμφ, (1.6)
where hμ denotes the Hankel transformation.
(
x−1 d
dx
)k(
x−μ−
1
2 θφ
)= k∑
ν=0
(
k
ν
)(
x−1 d
dx
)ν
θ
(
x−1 d
dx
)k−ν(
x−μ−
1
2 φ
)
, (1.7)
Srμ,xφ(x) =
r∑
j=0
bjx
2j+μ+ 12
(
x−1 d
dx
)r+j (
x−μ−
1
2 φ(x)
)
, (1.8)
where bj are constants depending only on μ.
Definition 1.1. The function a(x, ξ) :C∞(I × I ) →C belongs to the class Hm iff ∀q, ν,α ∈ N0,
there exists Dα,ν,m,q > 0 such that
(1 + x)q
∣∣∣∣
(
x−1 d
dx
)ν(
ξ−1 d
dξ
)α
a(x, ξ)
∣∣∣∣Dα,ν,m,q(1 + ξ)m−α, (1.9)
where m is a fixed real number.
The Zemanian space Hμ is known to consist of all complex valued C∞-functions φ on
I = (0,∞) such that
γ
μ
m,k(φ) = sup
x∈I
∣∣∣∣xm
(
x−1 x
dx
)k
x−μ−
1
2 φ(x)
∣∣∣∣< ∞ ∀m,k ∈ N0. (1.10)
Definition 1.2. Let a(x, ξ) be a complex valued function belonging to the space C∞(I × I ),
where I = (0,∞). Then the pseudo-differential operator hμ,a associated with the symbol a(x, ξ)
is defined by
(hμ,au)(x) =
∞∫
0
(xξ)
1
2 Jμ(xξ)a(x, ξ)(hμu)(ξ) dξ, u ∈ Hμ. (1.11)
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which the symbol a(ξ) is given by
a(ξ) = (1 + ξ2)−s/2.
Then the Hankel potential Hsμ is defined by(
Hsμu
)
(x) = h−1μ
[(
1 + ξ2)−s/2hμ(u)](x) for u ∈ H ′μ. (1.12)
Let us denote by Lpμ(0,∞), 1  p < ∞, the space of those real measurable functions f on
(0,∞) for which
‖f ‖p =
[ ∞∫
0
∣∣f (x)∣∣p dσ(x)
]1/p
< ∞, (1.13)
where dσ(x) = (2γ− 12 Γ (γ + 12 ))−1x2γ dx, γ = μ + 12 [2].
Definition 1.4. For s ∈ R and 1  p < ∞, the space Ws,pμ (0,∞) is defined to be the set of all
φ ∈ H ′μ for which y−μ−
1
2 H−sμ φ is a function in L
p
μ(0,∞). We write
‖φ‖s,p,μ = ‖φ‖Ws,pμ =
∥∥y−μ− 12 H−sμ φ∥∥p =
( ∞∫
0
∣∣y−μ− 12 H−sμ φ∣∣p dσ(y)
)1/p
. (1.14)
2. Kernel of the pseudo-differential operator hμ,a
Let J be an open subset of I = (0,∞). Assume that for u ∈ D(J ), the space of all C∞-
functions of compact support on J ,
(hμ,au)(x) =
∫
J
K(x, y)u(y) dy.
If v ∈ D(J ), then we can write∫
J
(hμ,au)(x)v(x) dx =
∫ ∫
J×J
K(x, y)v(x)u(y) dy dx.
In the sense of distributions this can be expressed as〈
hμ,au, v
〉= 〈K,v ⊗ u〉,
where v ⊗ u ∈ D(J × J ) is defined by
(v ⊗ u)(x, y) = v(x)u(y).
We call K the distributional kernel of hμ,a . K is uniquely determined by hμ,a because the linear
span of the form v ⊗ u is dense in D(J × J ).
Now, for a ∈ Hm, we have
(hμ,au, v) =
∫ ∫
J
√
xξJμ(xξ)a(x, ξ)(hμu)(ξ)v(x) dξ dx
=
∫ ∫ ∫ √
xξ
√
yξJμ(xξ)Jμ(yξ)a(x, ξ)u(y)v(x) dx dξ dy,J
R.S. Pathak, P.K. Pandey / J. Math. Anal. Appl. 334 (2007) 922–931 925from which it follows that the kernel K of hμ,a is
K(x,y) =
∞∫
0
√
xξ
√
yξJμ(xξ)Jμ(yξ)a(x, ξ) dξ = h−1μ
[
θ(x, ξ)
]
(x, y), (2.1)
where θ(x, ξ) = √xξJμ(xξ)a(x, ξ).
We show that K(x, ·) ∈ H ′μ. Using Leibnitz type formula (1.7) and estimate (1.9), we have∣∣∣∣
(
ξ−1 d
dξ
)k[
ξ−μ−
1
2
√
xξJμ(xξ)a(x, ξ)
]∣∣∣∣
=
∣∣∣∣∣√x
k∑
r=0
(
k
r
)(
ξ−1 d
dξ
)r
ξ−μJμ(xξ)
(
ξ−1 d
dξ
)k−r
a(x, ξ)
∣∣∣∣∣
=
∣∣∣∣∣
k∑
r=0
(
k
r
)
xr+
1
2 (−1)rξ−μ−rJμ+r (xξ)
(
ξ−1 d
dξ
)k−r
a(x, ξ)
∣∣∣∣∣

k∑
r=0
(
k
r
)
xμ+2r+
1
2
∣∣(xξ)−μ−rJμ+r (xξ)∣∣
∣∣∣∣
(
ξ−1 d
dξ
)k−r
a(x, ξ)
∣∣∣∣

k∑
r=0
(
k
r
)
xμ+2r+
1
2 Aμ+rD0,k−r,m(1 + ξ)m−(k−r)

k∑
r=0
(
k
r
)
Aμ+rxμ+2r+
1
2 (1 + ξ)Nr , (2.2)
where Nr ∈ N0 such that Nr  m − (k − r). Therefore by [15, p. 134], as a function of ξ ,
θ(x, ξ) = √xξJμ(xξ)a(x, ξ) ∈ Θ ⊂ H ′μ. Hence the inverse Hankel transform K(x,y) ∈ H ′μ as
a function of y.
Theorem 2.1. Let m + 2μ + 2p + 2 < 0 and μ + 1 > 0. Then
(
x2 − y2)p( ∂
dx
)k(
∂
dy
)
K(x, y),
p, k,  ∈ N0 is a continuous function on J × J . In particular,
K(x,y) ∈ C∞(J × J )\ΔJ ;
where
ΔJ =
{
(x, y) ∈ J × J : x = y}.
Using property (1.6) of the Hankel transform, we get(
x2 − y2)pK(x, y)
=
∞∫ (
x2 + Sμ,ξ
)p[
(xξ)
1
2 Jμ(xξ)a(x, ξ)
]√
yξJμ(yξ) dξ0
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p∑
r=0
(
p
r
)
x2p−2r
∞∫
0
(Sμ,ξ )
r
[√
xξJμ(xξ)a(x, ξ)
]√
yξJμ(yξ) dξ
=
p∑
r=0
(
p
r
)
x2p−2r
×
r∑
j=0
bj
∞∫
0
ξ2j+μ+
1
2
(
ξ−1 d
dξ
)r+j
ξ−μ−
1
2
[√
xξJμ(xξ)a(x, ξ)
]√
yξJμ(yξ) dξ
=
p∑
r=0
(
p
r
)
x2p−2r
r∑
j=0
bj
∞∫
0
ξ2j+μ+
1
2
(
ξ−1 d
dξ
)r+j [
ξ−μJμ(xξ)a(x, ξ)
]√
yξJμ(yξ) dξ
=
p∑
r=0
(
p
r
)
x2p−2r
r∑
j=0
bj
∞∫
0
ξ2j+μ+
1
2
r+j∑
l=0
(
r + j
l
)(
ξ−1 d
dξ
)r+j−l{
ξ−μJμ(xξ)
}
×
(
ξ−1 d
dξ
)
a(xξ)(yξ)
1
2 Jμ(yξ) dξ
=
p∑
r=0
(
p
r
)
x2p−2r
×
r∑
j=0
bj
∞∫
0
ξ2j+μ+
1
2
r+j∑
=0
(
r + j

)
(−1)r+j−xr+j−ξ−μ−r−j+Jμ+r+j−(xξ)
×
(
ξ−1 d
dξ
)
a(xξ)(yξ)
1
2 Jμ(yξ) dξ.
Therefore∣∣(x2 − y2)pK(x, y)∣∣

p∑
r=0
(
p
r
)
x2p−2r
r∑
j=0
|bj |
(
r + j

) ∞∫
0
ξ2j+μ+
1
2 x2r+μ+2j−2
× ∣∣(xξ)−μ−r−j+Jμ+r+j−(xξ)∣∣
∣∣∣∣
(
ξ−1 d
dξ
)
a(x, ξ)
∣∣∣∣(ξy)μ+ 12 ∣∣(yξ)−μJμ(yξ)∣∣dξ

p∑
r=0
(
p
r
)
x2p+2j−2+μ
×
r∑
j=0
r+j∑
=0
(
r + j

) ∞∫
0
ξ2j+μ+
1
2 +μ+ 12 Bμ,r,j,(1 + ξ)m−yμ+ 12 Cμ dξ

p∑
r=0
(
p
r
) r∑
j=0
r+j∑
=0
(
r + j

)
x2p+2j−2+μyμ+
1
2
∞∫
B ′μ,r,j,,mξ2j+2μ+1(1 + ξ)m− dξ.0
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function on A × I , for any compact A ⊂ I .
Again proceeding as in (2.2) we have(
x−1 d
dx
)k
x−μ−
1
2
[
θ(x, ξ)
]
=
k∑
r=0
(
k
r
)
(−1)rξμ+2r+ 12 (xξ)−μ−rJμ+r (xξ)
(
x−1 d
dx
)k−r
a(x, ξ);
so that∣∣∣∣
(
x−1 d
dx
)k
x−μ−
1
2 θ(x, ξ)
∣∣∣∣
k∑
r=0
(
k
r
)
Aμ+r (1 + ξ)μ+2r+ 12 C0,m,k,r (1 + ξ)m−(k−r).
Now, applying the formula [15, p. 148], we have(
x−1 d
dx
)k
x−μ−
1
2 θ(x, ξ) = x−μ− 12 ,
where b’s are constants. It follows by induction on k that θ(x, ξ) is an infinitely differentiable
function of x ∈ A where A is any compact subset of J . Also, by differentiating with respect to ξ
we get a similar result.
Theorem 2.2. The pseudo-differential operator hμ,a is pseudolocal.
Proof. By definition, a linear map T :E′(J ) → D′(J ) is pseudolocal, if sing suppT u ⊂
sing suppu. Suppose that a ∈ Hm and u ∈ E′(J ). Let V be a neighbourhood of sing suppu in J .
Choose φ ∈ D(V ) such that φ = 1 on sing suppu and set u1 = φu and u2 = (1 − φ)u. So that
u = u1 + u2, suppu1 ⊂ V and u2 ∈ D(J ). If K is a distribution kernel of hμ,a , then from the
preceding analysis K(x,y) is a C∞-function for x /∈ V and y ∈ V . Hence for x /∈ V , we can
write
hμ,au1(x) =
〈
K(x, ·)u1
〉= ∫
suppu1
K(x,y)u1(y) dy.
Therefore,
Dα(hμ,au)(x) =
〈
DαxK(x, ·), u1
〉
,
hence, hμ,au1(x) is C∞ for x /∈ V . On the other hand hμ,au2 ∈ C∞(J ) since u2 ∈ D(J ). Thus
hμ,au ∈ C∞ outside V . Since V is an arbitrary neighborhood of sing suppu,hμ,au is C∞ outside
sing suppu. 
By definition, a linear map T :E′(J ) → D′(J ) is called a smoothing operator if
sing suppT u = φ ∀u ∈ E′(J ) [1].
Theorem 2.3. Every p.d.o. hμ,a is a smoothing operator for a ∈ H−∞(J × J ).
Proof. By Theorem 2.1, the kernel K of hμ,a is C∞ on J × J . As in the proof of Theorem 2.2
we can show that
928 R.S. Pathak, P.K. Pandey / J. Math. Anal. Appl. 334 (2007) 922–931hμ,au(x) =
〈
K(x, ·), u〉
is a C∞-function for every u /∈ E′(J ). 
Notice that every smoothing operator is not a pseudo-differential operator.
Some applications of the pseudo-differential operator hμ,a were given by Pathak and Pandey
[9–11]. A few more applications of p.d.o. hμ,a are given in the following sections.
3. Global regularity of elliptic partial differential equations
A global regularity result for elliptic differential operator with constant coefficients was given
by Pathak and Pandey [10]. In this section we consider a differential operator with variable
coefficients and derive certain regularity results. Assume that
P(x,Sμ,x) =
m∑
j=0
aj (x)(Sμ,x)
j , m = 0,
is a differential operator with variable coefficients aj and symbol
p(x, ξ) =
m∑
j=0
aj (x)ξ
j
and
sup
x∈I
∣∣∣∣
(
x−1 d
dx
)β
aj (x)
∣∣∣∣< ∞, j = 0,1,2, . . . ,m and ∀β ∈ N0. (3.1)
Theorem 3.1. Let P(Sμ,x) = ∑mj=0 aj (x)(Sμ,x)j be a differential operator with aj satisfy-
ing (3.1). Let x0 ∈ I , suppose that there exist positive constants C1 and C2 such that∣∣∣∣∣
m∑
j=0
aj (x0)ξ
j
∣∣∣∣∣ C1ξm (3.2)
and ∣∣∣∣∣
m∑
j=0
(
aj (x) − aj (x0)
)
ξj
∣∣∣∣∣C2ξm (3.3)
for all (x, ξ) ∈ I , where C2 < C1. If u ∈ Ws,pμ (0,∞), P(Sμ,x)u = f and f ∈ Ws,pμ (0,∞), then
u ∈ Ws+m,pμ .
To prove above theorem we need the following lemma:
Lemma 3.2. Let P(Sμ,x) =∑mj=0 aj (x)(Sμ,x)j be a differential operator satisfying hypothesis
of Theorem 3.1. Then there exist positive constants C and R such that∣∣P(x, ξ)∣∣ C(1 + ξ)m, ξ R.
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m∑
j=0
aj (x)ξ
j
∣∣∣∣∣=
∣∣∣∣∣
m∑
j=0
(
aj (x) − aj (x0)
)
ξj +
m∑
j=0
aj (x0)ξ
j
∣∣∣∣∣

∣∣∣∣∣
m∑
j=0
aj (x0)ξ
j
∣∣∣∣∣−
∣∣∣∣∣
m∑
j=0
(
aj (x) − aj (x0)
)
ξj
∣∣∣∣∣.
Using (3.2) and (3.3) we get∣∣∣∣∣
m∑
j=0
aj (x)ξ
j
∣∣∣∣∣ (C1 − C2)ξm. (3.4)
By (3.4) we can find positive constants C′, C′′ and R such that∣∣∣∣∣
m∑
j=0
aj (x)ξ
j
∣∣∣∣∣=
∣∣∣∣∣am(x)ξm +
m−1∑
j=0
aj (x)ξ
j
∣∣∣∣∣

∣∣am(x)ξm∣∣−
∣∣∣∣∣
m−1∑
j=0
aj (x)ξ
j
∣∣∣∣∣
 C′(1 + ξ)m − C′′(1 + ξ)m−1
 (1 + ξ)m[C′ − C′′(1 + ξ)−1], ξ R. (3.5)
Taking another positive constant R1 > R such that
C′ − C′′(1 + ξ)−1  C
′
2
, ξ R, (3.6)
by (3.5) and (3.6), we get∣∣∣∣∣
m∑
j=0
aj (x)ξ
j
∣∣∣∣∣ C
′
2
(1 + ξ)m, ξ > R1. 
Proof of Theorem 3.1. By Lemma 3.2, P(Sμ,x) is an elliptic p.d.o. with symbol p(x, ξ) in Hm.
Hence by [13, Theorem 9.1], we can find a symbol τ ∈ H−m and a pseudo-differential operator
hμ,b with symbol in
⋂
k∈R Hk such that
hμ,τP (Sμ,x) = I + hμ,b, (3.7)
where I is the identity operator.
Hence by (3.7) we have
u = hμ,τ f − hμ,bu.
Since τ ∈ H−m and f ∈ Ws,pμ (0,∞), it follows that hμ,τ f ∈ Ws+m,pμ .
Also, hμ,bu ∈ Ws+m,pμ because hμ,b has symbol in H−m and u ∈ Ws,pμ (0,∞). Hence by (3.7),
u ∈ Ws+m,pμ (0,∞). 
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Suppose there exists a linear operator h∗μ,σ :Hμ → Hμ such that
(hμ,σ φ,ψ) =
(
φ,h∗μ,σψ
)
for all φ,ψ ∈ Hμ,
then h∗μ,σ is called a formal adjoint of the operator hμ,σ .
Definition 4.1. Let σ ∈ Hm, m > 0 and f ∈ Lpμ(0,∞), 1 < p < ∞. A function u in Lpμ(0,∞)
is said to be a weak solution of the pseudo-differential equation
hμ,σ u = f on I = (0,∞), if
(
u,h∗μ,σ φ
)= (f,φ), φ ∈ Hμ.
Definition 4.2. The domain D(h1μ,σ ) is the set of all functions u ∈ Lpμ(0,∞), 1 < p < ∞, such
that there exists a function f ∈ Lpμ(0,∞) satisfying(
u,h∗μ,σ φ
)= (f,φ), φ ∈ Hμ.
For any u ∈ D(h1μ,σ ) and h1μ,σ u = f we have(
u,h∗μ,σ φ
)= (h1μ,σ u,φ),
where h1μ,σ is called maximal operator.
Let u ∈ D(h1μ,σ ). Then we have h1μ,σ u = hμ,σ f in the sense of H ′μ, where H ′μ is the dual
of Hμ. By [11, Theorem 3.6], we know that the operator h1μ,σ is a closed linear operator from
L
p
μ into Lpμ with domain containing Hμ.
Proposition 4.3. Let σ ∈ Hm, m > 0, and f ∈ Lpμ(0,∞), 1 < p < ∞. Then a function u in Lpμ
is a weak solution of the pseudo-differential equation hμ,σ u = f on I = (0,∞) if and only if
u ∈ D(h1μ,σ ) and h1μ,σ = f .
From [11, Theorem 3.5] it is obvious that the above proposition is true.
Theorem 4.4. Let σ ∈ Hm, m > 0, and f ∈ Lpμ(0,∞), 1 < p < ∞. Then the pseudo-differential
equation hμ,σ u = f on I = (0,∞) has a weak solution u in Lpμ(0,∞) if and only if there exists
a positive constant C such that∣∣(f,φ)∣∣ C∥∥h∗μ,σ φ∥∥p′, φ ∈ Hμ, (4.1)
with 1/p + 1/p′ = 1.
Proof. Suppose hμ,σ u = f on I = (0,∞) has a weak solution u in Lpμ(0,∞). Then by Defini-
tion 4.1 we have
(f,φ) = (u,h∗μ,σ φ).
Hence by Hölder’s inequality∣∣(f,φ)∣∣ ‖u‖p∥∥h∗μ,σ φ∥∥p′ .
Setting C = ‖u‖p , inequality (4.1) follows.
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W := {w ∈ Lp′μ (0,∞): h∗μ,σ φ = w for some φ ∈ Hμ}.
Next, define the linear functional F :W →C by
Fw = (φ,f ), w ∈ W,
where φ is any function in Hμ such that h∗μ,σ φ = w.
As in [13, pp. 132–133] it can be shown that F :W →C is independent of function φ. More-
over, by (4.1) we have
|Fw| = ∣∣(f,φ)∣∣ C∥∥h∗μ,σ φ∥∥p′ = C‖w‖p′, w ∈ W.
Therefore, F :W → C is a bounded linear functional. Hence, using Hahn–Banach theorem and
Riesz representation theorem, we can find a function u in Lpμ(0,∞) such that
Fw = (φ,f ) = (w,u), w ∈ W, (4.2)
where φ is any function in Hμ satisfying h∗μ,σ φ = w. Since {h∗μ,σ φ: φ ∈ Hμ} is a subspace of W ,
it follows from (4.2) that
(φ,f ) = (h∗μ,σ φ,u), φ ∈ Hμ.
Hence, in view of Definition 4.1, u is a weak solution in Lpμ(0,∞) of the pseudo-differential
equation hμ,σ u = f on I = (0,∞). 
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